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Abstract

We explorechoicesof boundaryconditionswithin pressureonvection—difusionpreconditioneror the
incompressibléNavier—Stolesequations.While thesemethodshave beenshawn to be ef cient, choosing
the properboundaryconditionsfor the preconditioningoperatoris not well understood. In this paper
we rst explore the effect of having “ideal” boundaryconditionswithin the preconditioner While not
computationallyfeasible theidealboundaryconditionresultshighlighttheimportanceof suitableboundary
conditions. The remainderof the paperexplores somavhat more practical approximationgo the ideal

conditionshasedn ILU factorizationandprobing[5].
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1 Intr oduction

We explore choicesof boundaryconditionswithin pressurecornvection—difusion preconditionergor thein-
compressibléNavier—Stolesequations. While thesemethodshave beenshavn to be ef cient, choosingthe
properboundaryconditionsfor the preconditioningoperatoris not well understood.In this paper we rst
explorethe effect of having “ideal” boundaryconditionswithin the preconditionerWhile not computation-
ally feasible theideal boundaryconditionresultshighlight the importanceof suitableboundaryconditions.
Theremainderof the paperexploressomevhat more practicalapproximationgo theideal conditionsbased
onlLU factorizationsandprobing[5].

Considerthe Navier—Stolesequations

f
0 1)

auyi nN?u+ (udgrad u+ gradp
i divu

on W% RY, d= 2 or 3. Here,u is the d-dimensionalvelocity eld, which is assumedo satisfy suitable
boundaryconditionson W, pis thepressureandn is thekinematicviscosity whichis inverselyproportional
to theReynoldsnumber Thevaluea = 0 correspond#o the steady-statproblemanda = 1 to thetransient
case.Linearizationanddiscretizatiorof (1) by nite elements,nite differencespr nite volumesleadto a
sequencef linearsystemsf equationf theform

F BT * v _ f

B igC p g’ @
Thesesystems,which are the focus of this paper mustbe solved at eachstepof a nonlinear(Picardor
Newton) iteration or at eachtime step. Here,B andB' are matricescorrespondindo discretedivergence
andgradientoperatorsyespectrely, andF operate®nthediscretevelocity space.This paperonly considers
C = 0 correspondingdo div-stablediscretizationgsee e.g.,[1]), which satisfyaninf-sup condition.

In recentyears,therehasbeenconsiderablectvity in the developmentof ef cient iterative methods
for the numericalsolutionof the stationaryandfully-implicit versionsof this problem. Thesearebasedon
new preconditioningmethodsderived from the structureof the linearizeddiscreteproblemgivenin (2). A
completeoverviewn of theideasunderconsideratiorcanbe foundin the monograph3]. Thekey to attaining
fastcornvergencdies with the effective approximatiorof theinverseof the Schurcomplemenbperator

S= BFi BT + iC; )
whichis obtainedby algebraicallyeliminatingthe velocitiesfrom the system With C = 0,

S= BFi 1BT: 4)

Oneapproachof interestis the pressue convection—difusion preconditionemproposecdoy Kay, Loghin,
andWathen[4] andSilvester ElIman,Kay andWathen[6]. In this method the Schurcomplemenmatrix is
approximateds

S¥aMs= AR} 'Q; (5)

whereQ is the pressuremassmatrix associatedvith the pressuraliscretization(or a spectrallyequivalent
approximatiorto it), andAp andF, arediscretel aplaceandcorvection—difusion operatorgle ned on the
pressurespace. Although effective for solving the system(2), this methodhasthe dravback of requiring
usersto provide the discreteoperatorsh, andFp.

It is fairly well understoochow to computea suitableF, and A, operatorwithin the domaininterior.
However, the situationis lessclearfor boundaryconditions.Currently thereis anaccumulate@xperimental
knowledgeof whatboundaryconditionsetupworksbestwith aspeci ¢ typeof problem.For instancewith a
backwardfacingstep,thein o w boundaryconditionsfor bothF, andA,, shouldbe Dirichlet, while the other
sidesshouldbe setto NeumannAs will bedemonstratedhtherboundaryconditionsetupscanresultin very



poorcorvergence But, thereis nogeneraunderstandingf how to computeF, andAp suchthattheboundary
conditionsetup,i.e., what boundariesare Neumannor Dirichlet, doesnot strongly affect corvergence. In
fact, we suspecthat problemsassociatedvith Fy, and Ap at boundariessometimesausemeshdependent
corvergence.

Thegeneraldeaof this paperis to manipulatg5) sothatanexpressioris obtainedor updatingeitherFp
or A, attheboundary Theseupdateswill occurafteraninitial Fp andAp have beenformedwith somevhat
nave boundaryconditions.Speci cally, we considerupdateasedn thefollowing row-basedormulas:

Ap(bes:) = S(bes:)(Q' 1Fp) (6)
and
Fp(bcs:) = Q(bes:)(S 1A); @)

whereS= BFi BT andbcsrefersto the setof all of the boundaryrows. Column-base@nalogsto (6) and
(7) canalsobeused.Thesecolumn-basefbrmulasgenerallygive similar corvergenceratesto therow-based
methodsand may be more appropriatewithin practicalcode. In particular the column-basedipdatesare
moreef cient becausehe rst matrix operationsareatthe boundarycolumnsof theright-mostoperandand
thisreduceshe sizeandcostof all the subsequennatrix operationssigni cantly.

While computation®f (6) and(7) areexpensve, we rst usethese‘ideal” boundaryconditionsto study
their effect on numericalconvergence. Oncethis effect is establishedywe explore more computationally
tractableapproximationgo (6) and(7) basecn ILU factorizationandprobing.

While our resultsare for a particularproblemwheresuitableboundaryconditionsare alreadyknown,
we hopeto gain insightinto how to develop a more generalpressureconvection—difusion preconditioning
schemehatworkswell in morecomple situationswhereit is lessclearhow to choosethe boundaries.



2 Results

2.1 TestProblem

Our testproblemis a backward facingstepgeneratedy the IFISS 2.0 packageor MATLAB by Silvester
ElmanandRamagq7]. A typical solutionis shovn in Figurel.

Streamlines: non uniform [Navier Stokes]

Pressure field [Navier Stokes]

Figure 1. Typical Grid 5 Solutionwith Re = 100

Theproblemsetuphasthefollowing the parameters:

1. Thedomainconsistof arectanglg]-1, 5] £ [-1, 1]) with asquareemovedfrom thelower left corner

2. Grid Parametersisedwere4, 5 andsometimes, dependingn the problems computationaload. See
Table1 for grid dimensions.

Grid4 Grid 5 Grid 6
Pressuré&pace| 24£ 8 | 48£ 16 | 96£ 32
Velocity Space| 48£ 16 | 96£ 32 | 192£ 64

Table 1. TestProblemGrid Sizes



3. Thefollowing ReynoldsnumbersareconsideredRe = 10, 100,200. The Reynoldsnumberis related
to the IFISSviscosityparametern, suchthatn = %.

4. A Q2-Qldiscretizatiorfor thevelocity - pressurespacess used.

5. Thesystensolvedby GMRESis the nal linearsystengeneratedby Picarditerationswith anonlinear
toleranceof 10' ® anda maximumiterationcountof 9.

All codeandpseudo-codéhatfollowsis in MATLAB form.

2.2 TestingStrategy

The IFISS packageinitially builds F, andAp with Neumannboundaryconditionson all sides.In a second
stage,IFISS normally thenmodi es thein o w boundaryconditionsfor A, andF, sothatthey correspond
to Dirichlet boundariesFor our overall testingstrateyy, we modify IFISSto experimentwith differentcom-

binationsof Dirichlet boundaryconditionson the top, bottom,in o w andout ow sidesof the domain. Our

intentionhereis to mimic situationswhereit is lessclearhow to chooseboundaryconditions.We thenmea-
suretheeffectof thesechange®n corvergencewnith GMRESwhile usingdifferentpreconditioningstratgies

to updatethe rows thatcorrespondo all the boundarypointsin the F, or Ay matrices.Our goalisto nd a

preconditionethatis meshindependentinsensitve to theinitial boundaryconditionsetup,andstill yields

goodcorvemence.

We de ne “in o w only Dirichlet” to meanthatthe in o w side of the domainis setto Dirichlet while
all the othersidesof the domainaresetto Neumann.“Out o w only Dirichlet” is de ned analogously We
presentin this papercorvergencedatafor only thesetwo experimenttypes, although8 combinationsof
Dirichlet boundaryconditionsweretried for eachpreconditioningstratgyy. Thesecombinationsorrespond
to thefollowing setof Dirichlet boundaryconditions:

1. Inow 5. In ow andout ow

2. Outow 6. In o w andbottom

3. Top 7. In ow andtop

4. Bottom 8. In o w, top,andbottom

Thedatafor in o w only Dirichlet andout ow only Dirichlet capturegherangeof performancebsened
for all 8 combinations. In o w only Dirichlet is generallythe bestandis consideredhe correctbound-
ary conditionsetupbasedn accumulate@xperimentaknowledgewithin the pressureonvection—difusion
community Out ow only Dirichlet, on the otherhand,is generallytheworstboundaryconditionsetup.The
convergencerateof the othercombinationgyenerallyfell in betweerthesetwo boundaryconditionsetups.

2.3 IFISS Data without Ap and Fp Updates

In Table2, GMRES (unrestarted)terationsare given for the standardFISS codeappliedto the backward
facingstep. In Table 3, we make one modi cation to IFISS so that the out ow boundaryconditionsare
changedto Dirichlet andthe in o w conditionsare Neumann. Note that 500+ refersto the fact that the
experimentdid not corverge after 500 GMRESiterations.

This datais not meshindependentgvenfor Table2. Also asexpectedjn o w only Dirichlet wasthe best
performer andout ow only Dirichlet wasthe worst. The large differencein corvergencerates;however, is
surprisinganddisturbing.Obviously, how onechoosesheboundaryconditionsis very important. Thislarge



Grid Param Re=10 100 200
4 22 31 43
5 25 33 41
6 30 42 47

Table 2. In o w only Dirichlet, GMRESiterations

Grid Param Re=10 100 200
4 36 59 79
5 44 500+ 500+
6 54 500+ 500+

Table 3. Out ow only Dirichlet, GMRESiterations

disparityarguesstronglyfor the developmentof a generalpreconditioningstratayy thateliminatesthe need
for anaccumulatedxperimentaknowledgeof whatboundaryconditionsetupworks bestfor every speci ¢
problemtype.

2.4 ConceptTesting

Our concepttestingconsistedof explicitly forming the exact Schurcomplementandthenusingthe Schur
complementn the updatefor Fp or Ap's rows at all of the boundariesWe did this for only grid sizes4 and
5, becausehis operationis too expensve for grid size6. The F, updateis especiallyexpensie becausen
LU factorizationof the Schurcomplemenimustbe formedandthenthe L andU factorsare usedto do a
forward-sohe andback-sole with the columnsof Ap. While theseexperimentsaremuchtoo expensve to be
practicalmethodsthey do testin anexactmannemwhatwe will laterwantto doin anapproximatdashion.

Table 4 and Table 5 presentthe datafor updatingF, basedon (7). Table 6 andTable 7 give datafor
updatingA, basedn (6).

Grid Param Re=10 100 200
4 12 23 37
5 14 21 34

Table 4. In o w only Dirichlet with Fp update GMRESiterations

Grid Param Re=10 100 200
4 12 22 39
5 14 20 32

Table 5. Out ow only Dirichlet with Fp update GMRESiterations



Grid Param Re=10 100 200
4 14 30 51
5 15 25 41

Table 6. In o w only Dirichlet with Ap update GMRESiterations

Grid Param Re=10 100 200
4 21 46 70
5 23 500+ 164

Table 7. Out ow only Dirichlet with Ap update GMRESiterations

The mostimportantobsenrationis thatthe F, row-updateexhibits grid independencandexcellentcon-
vergencein both cases.Thatis, a properchoiceof boundaryconditionsappeargo x alossof meshinde-
pendencehat hasbeenobsened for pressureonvection—difusion preconditioner®n the backward facing
step.Further theinitial placemenbf Dirichlet boundariesvithin the A, andF, operatorss lesscritical, if a
suitableF, updatealgorithmis used.

Thesituationfor the Ap updatess lessclear Table6 seemsnoremeshindependenthaneitherTable2 or
Table3. However, Table7, while outperformingTable3, still shovs amarkedlack of meshindependencand
very slow convergencefor Re = 100 200. Overall, theinitial choiceof Dirichlet boundaryconditionsis still
very importantin the A, updatecase While we arenot completelysurewhy the A, updateresultsin slower
convergencethanthe F, update|t is worth noting one major differencebetweerthe A, andF, updates.In
particular while we updateA,, we useAip1 within thepreconditionerThus,modi cationsto A,'s boundaries
have a moreglobaleffectandmustbe performedcarefully.

Sinceoneof ourmaingoalsis to developa preconditioningstrategy thatdoesnotrequireary previousex-
perimentaknowledgeof whatboundaryconditionsetupworksbest,we decidedhotto investigateA,j based
preconditioningstratgiesfurther All subsequerpreconditioningstratgyiesaremeantto be approximations
of the exact solvesandexact Schurcomplementsn (7). Unfortunatelythe F, updatesareinherentlymuch
moreexpensve thanthe A, updatesasthey requirethe multiplication by theinverseSchurcomplement.

2.5 Employing Structured Probing and ILU to Update Fp

Theexactapplicationof (7) requiresrst afactorizationof F followedby the computatiorof theexactSchur
complementandthen nally a factorizationof the Schurcomplement. Thereare several possibilitiesfor
trying to approximatg(7) inexpensvely. In this paper we explore two replacement$or the inversesin (7)
usingILU factorizationsandprobingideas.We point out thatthereareseveral otherpossiblereplacements,
includingusingsimpleiterative methodsgcoarsegrid approximation®r sparseapproximatanverses.

Our generabtratey for updatingF, is to rst approximateS by some$Sandthento furtherapproximate

§ 1. Wefoundthe mosteffective approximationsf Fp updatesvereaccomplishedby using

1. The structuredprobing algorithm of [5] to approximatethe Schur complementfollowed by using
ILU(S) to approximateS 1. ILU wasalsousedwith goodresultsin [5] to approximatean inverse
Schurcomplemenproduceddy probing.

2. ILU(F) to approximatehe SchurComplemengfollowed by usinglLU( §) to approximates *.
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To testthe potentialeffectivenessof approximatingFp, we initially tried sparsifyingthe “ideal” Fp by
droppingvaluesbelav a certainthreshold. This was done suchthat the numberof non-zerosin F, was
reducedby a factorof 5 to 70, andthis leadto encouragingesults. A reductionfactor of 3-5 increases
convergenceby generallylessthan5 iterations.A reductionfactorof aroundl5 generallyalmostdoubleshe
convergencerate,andareductionfactorof around70 essentialljcauses lossof corvergence.

2.5.1 Updating Fp with a ProbedSand ILU

The probingschemausedto calculateS s the structuredprobingalgorithmof [5]. Theideaof probingis to
reconstructan operatorby repeatedlyapplyingit to a carefully chosernsequencef vectorscontainingonly
0'sand1's. For example,a simple probingmethodcanbe usedto reconstruct tridiagonalmatrix exactly.
Thisis illustratedby thefollowing example

32 3 2 3
12 100 1 2 0
345 010 3 4 5
6 7 8 00 1 =88 6 71: 8)
9 10 11541 0 0 10 11 9
12 13 0 1 0 12 13 0

Thesstructuredorobingalgorithmof [5] is amoresophisticateaxtensionof this ideathatinvolvesdoing
agraphcoloringon adesiredsparsitystructureandusingthatcoloringto chooseprobingvectorssuchthata
matrix with thedesiredsparsitystructurewould bereproducedxactly. Thecarefullychosemrobingvectors
are then appliedto a matrix-vector multiply routineto generatethe approximatematrix. The structured
probingcodeusedin theseexperimentsmplementnly onegraphcoloringalgorithm,thegreedy-sequential
coloringalgorithm.

To call the probingroutine,we do the following:

2 FormthelLU factors[L,U] = lu(F) once.

2 Provide a sparsitypatternwhich is usedto generatea graphcoloring andthe probing vectors. This
sparsitypatternis choserto beidenticalto the Ap sparsitypatternprovided by IFISS beforethe rows
correspondingo the Dirichlet boundaryconditionsarezeroed.

2 Provide amatrix-vectormultiply function, mat-veg¢thatcalculates
B(Fi 1(BT probe) for eachprobingvector probe This functionis usedby the probing software to
build the approximateS aftera coloring hasbeencomputedor the sparsitystructureandthe probing
vectorshave beende ned from the coloring.

Table8 andTable9 containGMRESiterationsusingF, update®f theform:

S= probing mat-ve¢SparsitySrud = Ap);
[L;U] = luinc(S optng); %computdLU
Fp(bcs:) = Q(bes:) a(Un(LnAp)); 9)

whereoptnsis optns.doptol = 1e-2;optns.udig = 1; 1. Luinc('0"), which performsILU(0), doesnot work
in this casebecausd's appearn the diagonal,so theseoptionshave to be employedto replace0's on the
diagonalwith droptol. droptolis alsousedby luinc asadroptolerance Usingoptnsresultedn approximately
thesamenumberof non-zerosasusingILU(0).

The F, row-updateshovs meshindependenceat Re = 100,200, but not at Re = 10. Encouragingly
though,the corvergencerate goesdown signi cantly for Re = 200 with increasinggrid size. Possibly the

1Theudiag optionforceszeroson thediagonalto bereplacedwith optns.droptol.

11



Grid Param Re=10 100 200
4 20 38 77
5 23 32 70
6 27 30 44

Table 8. In o w only Dirichlet with Fp update GMRESiterations

Grid Param Re=10 100 200
4 25 50 82
5 31 41 72
6 34 50 65

Table 9. Out ow only Dirichlet with Fp update GMRESiterations

physicsis bettercapturednumericallyon the ner mesh. Overall, the convergenceratesare good but not
nearlyasgoodasthe*“ideal” Fy updatesandthe choiceof boundaryconditionshadonly amodesteffect on
corvergence.In this case updatingFp's rows did performsigni cantly betterthanupdatingcolumns.

We alsodid experimentswherethe mat-vecroutine usedby the probingsoftware calculatedF i 1 using
luinc("0") insteadof lu(). Thisapproximatiorhadlittle effecton convergenceratesandmadetheprobingstep
noticeablyquicker.

2.5.2 Updating F, with ILU only

Anotherpromisingmethodof approximatinghe Fy, updatess by usinglLU twice,asshavn belaw.

[L;U] = luin(F;"0"); %computdLU

S= Ba(Un(LnB"));

[L;U] = luing(S;"0'"); %computdLU

Fp(bcs:) = Q(bes:) a(Un(LnAp)); (10)

whereluing(*0") refersto the MATLAB ILU(0) factorizatior? Table10andTable11 give thecorresponding
numberof GMRESiterations.Whencomparingthesewith Table4 andTable5, it is apparenthatthe useof
ILU doesnot seriouslydegradecorvergence.

Grid Param Re=10 100 200
4 14 26 40
5 16 24 33
6 20 24 31

Table 10. In o w only Dirichlet with F, update GMRESiterations

The resultsexhibit grid independenceyirtually no variability due to boundarycondition choicesand
excellentcorvergencerates.Yet,we will seein 2.5.3thatthis methodis muchmoreexpensve thanprobing.

2UsingILU with optnsasin (9) givesnearlyidenticalcorvergence.
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Grid Param Re=10 100 200
4 15 26 44
5 17 27 38
6 21 32 39

Table 11. Out ow only Dirichlet with Fp update GMRESiterations

2.5.3 Efciency

In orderto betterdeterminethe feasibility of the methodsoutlinedin 2.5.1and 2.5.2, a modestattempt
is madeto examinethe computationalcost of their currentform in MATLAB. This costanalysiscould,
however, bemitigatedby the possibilitythatthe F, updatesnightnotneedto bedoneatevery nonlinearstep.
Computationatostis measuredby

2 Timing the computatiorof Susingprobingor ILU with theticntoc callsin MATLAB.

2 An examinationof the computationaboundson calculatingS with probingor ILU.

2 Recordinghenumberof non-zerosn Sfrom probingor ILU in orderto gaugethe costof theluinc(S)
call prior to updatingFp.

Timing Tablel2containsaverageimes,in secondsto calculateSusingprobing,luinc("0"), andluinc(optns)
Thetimesfor luinc() alsore ect the matrix-matrixmultiplicationsrequiredto form S= BFi 1B':

Grid Param Probing luinc(C0") luinc(optns)
4 0.280 0.357 0.242
5 1.850 5.611 3.679

Table 12. Timing Datais AverageValuein Seconds

Timing luinc() accuratelywashamperedy thefactthatMATLAB 7 hasunexpectedandunexplainable
timing resultswhenluinc() is usedwith the parametersuinc("0') andluinc(optns) Using optnsspeedsip
the executionof theluinc() call by afactorof around5. This speedup occursevenif the corvergencerateof
GMRESandthe numberof non-zerodn the resultingfactorschangesiegligibly whencomparing'0' with
optns® Nonethelessthe MATLAB timings do indicatethat using ILU insteadof probingis signi cantly
moreexpensve, especiallyfor largergrids.

Probingseemsdo scalemuchbetterto larger grid sizes,which indicatesit would be a bettermethodfor
larger problems.Also, substitutingluinc(optns)for lu() in the mat-vecroutineusedby the probingsoftware
lowersthe probingtimingsby 21%for grid size4 and46 % for grid size5. Usingluinc(optns)insteadof lu()
did not affect the corvergenceof GMRESsigni cantly, althoughit did have a slight negative effect.

Computational Boundson Probingand ILU  Computationaboundsfor structuredprobingareprovided
in [5]. Theexpensve stepsin structuredorobingare

SMathWorks technicalsupportexplainedthat usingoptnswith a droptol executesa completelydifferentalgorithmthan0'. Using
optnswith a droptol executesanalgorithmwhich is moreconcernedvith maintainingthe large valuesin theincompletefactors while
using ‘0" executesan algorithmthat maintainsthe sparsitystructureof the original matrix exactly. How this makes"0' signi cantly
sloweris still notcleat however.

13



1. O(nv?) operationdor graphcoloring

2. O(nvp) operationgor matrix vectormultipliesto build theresultingapproximatematrix

wheren is the dimensionof then£ n matrix, S which is to be approximatedy is the numberof non-zeros
perrow, andp is the numberof colorsused. For all of our problemsregardlessof grid sizeand Reynolds
number p= v= 9. In ourexperimentsye chosethe probingsparsitypatternto matchthe sparsitypatternof
Ap. Ap never hasmorethan9 non-zerosn arow, sop= v= 9.

UsingILU to approximateSrequirescomputation®f the form:

[L;U] = luing(F;"0"); %computdLU
S= B(Un(LnB™)); (11)

In examining the cost of (11), the mostimportantoperationsto understandare (Un(LnB")). The main
problemis that a back-sole andforward-sole producea denseresult. This makesnot only the repeated
back-solesandforward-sohesexpensve, but alsothe subsequernmatrix-matrixmultiplicationwith B. The
computationatostof (11)is

1. O(k?r) operationgo computeanILU on F, wherek is the numberof non-zerosn arow of F andr is
thenumberof rowsin F. It shouldbe notedthatin certaincircumstanceperforminganILU(F) might
be naturalfor thefull versionof the preconditioneandmaybealreadyavailable.

2. O(kr) operationgo do asingleback-sole or forward-solhe with U andL, respectiely, wherekr is the
total numberof non-zerosn thefactorswhichis alsoapproximatelyequalto the numberof non-zeros
in F whenlLU(0) is done.Theback-sole andforward-sohe will have to bedonefor every columnin
BT, sothis effectively makesthis operationcostO(kr s), wheres is the numberof columnsin BT and
s equalsthe numberof pressurezariables.

3. O(xym) operationdor matrix-matrixmultiplication of B andtheresultingoperando its right, where
X is the numberof non-zerosn arow of B, y is the numberof non-zerosn a columnof (Un(LnBT))
andmis the numberof non-zerosn theresultingmatrix, S. Notethaty A 0 andhencemA 0.

It shouldbe clearthat doing ILU to approximateS is more computationallyexpensve. With probing,
we have operationon the orderof O(81n). With ILU, we have operationson the orderof O(xym). In our
experimentsmis in thethousandso hundredsof thousandsgependingnthegrid (seeTable13),xy A 81
andn is in thehundredgo thousandsgdependingn grid size.

Non-zermsin S In orderto gaugethe costof theluinc(S)call thatboth (9) and(10) make, we presenthe
numberof non-zerosn eachmethods approximateS The numberof non-zerodor eachmethodwasthe
samefor all Reynoldsnumbersandonly variedwith respecto grid size.

The numberof non-zerosn S from (10) did not changeif luinc(optns)was usedinsteadof luinc("0").
Using method(10) alsoyieldedan equalnumberof non-zerosasthe actualSchurcomplementdespitethe
factthattheincompletefactorsaremuchsparsethanthefull LU factors. Theforward-sohesandback-sohes
againstthe columnsof BT in forming the approximateS from (10) arethe stepswherethe densityis restored
to that of the exactS. A possiblealternative to using ILU(F) to calculateS that would avoid sucha dense
resultwould be sparseapproximatenversesWe do not explorethis optionin this paper

Probingresultsin far fewer non-zerosandagain scalesdetterthanlLU whenmoving from grid size4 to
5. Probingscalesetterin the sensehatits numberof non-zerosncreasestamuchslower rate.
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Grid Param | Probing | Iluinc()
4 1,681 | 43,681
5 6,529 | 591,361

Table 13. Numberof Non-zerosn S

2.6 Other Fp Updates

We experimentedvith otherF, updateghatdid notyield reasonabler improvedcorvergence.Thesewere

1. lteratedsolvesof Fy or A,, whereboththe rows andthe columnsof only Fy or only A, wereupdated
in succession.This generallyhadlittle noticeableimpacton performanceand never madeconver
gencefasterthanjust updatingonly therows or only the columns.However with probing,this method
exhibited muchworseconvergencewhencomparedo row only or columnonly updates.

2. lteratedF, andA, updatesyheretherows or columnsof F, would be updatedollowed by updating
therows or columnsof A, or vice versa.This hadsimilar corvergenceto just updatingFp.

3. Probingtwice, oncefor Sandoncefor S 1.

4. Using ILU to approximateFi 1 in orderto form an approximateS followed by probingto form an
approximates 1.

5. UsingtheLeastSquaresCommutatoformula[2] to form ourown F,. We usedthefollowing equation
i i ¢¢
s= 'B'Gi 8" A
F,=S1B'GiFG 18T ; (12)
whereG is thevelocity mass-matrix.
Using probing to form an approximateS * in 3 and 4 yielded someof the worst corvergencerates.
Probingwasusedto form S 1 by simply changingthe mat-vedunctionusedby the probingsoftwaresothat

givena matrix, S the functionwould form the L andU factorsof S onceandthenoutput(UnL nprobe)for
ary probingvectot probe
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3 Conclusions

We have experimentedwith pressurecorvection—difusion preconditioner®n a backward facingstepprob-

lem. Thechoiceof boundaryconditionswith the F, andA, operatorsanhave avery signi cant effectonthe
corvergenceof the standardressureorvection—difusion scheme The useof “ideal” boundaryconditions
for Fp signi cantly reducesthe cornvergencesensitvity to the boundaryconditionschosenfor Ap. These
“ideal” conditionsarede ned by algebraicallyrequiringthat the preconditionedschurcomplemenion the

boundarypointscorrespondo the identity matrix. Further “ideal” boundaryconditionsfor Fy give rise to

meshindependentornvergenceratesfor the backward facing step. While meshindependentorvergence
rateshave beenreportedfor otherproblems.e.qg.,lid-driven cavity problems.they have not generallybeen
obsered for standardoressureconvection—difusion preconditioner®n the backward facingstep. Our re-

sultsimply thatthe culpritsfor this lossof meshindependencarethe boundaryconditionsusedwithin the
preconditionerWhile signi cantimprovementsverealsoobseredwith “ideal” Ap boundaryconditions the
resultsweregenerallylesssatisfyingthanideal F, boundaryconditions.

Inexpensve approximationso the“ideal” boundaryconditionshave alsobeenexploredbasedn probing
andILU ideas.In generalthelLU methodgyive excellentcorvergenceresults but arestill tooexpensveto be
usedin practice. The probingapproximationgeadto a fairly practicalalgorithmin termsof computational
cost. While the convergencewith probingis good, it leadsto noticeablyinferior corvergencerateswhen
comparedvith ILU.

Overall, the effectivenesf 2.5.2and2.5.1indicatepromisein thedirectionof developinga generapre-
conditioningstrateyy thatdoesnot requireextensive experimentaknowledgeof which boundaryconditions
to choose.Furtherresearctshouldbe performedto identify otherapproximationdo the “ideal” boundary
conditionshasedon eithersparseapproximatenversesgcoarsegrid approximation®r moreexpensve prob-
ing variants.
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